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Fig. 4. Photograph of the opened evanescent-mode T-septum waveguide
filter prototype with feeding X -band waveguide.

be responsible for the measured noise at beyond-X -band frequencies.
Except for these limitations, however, close agreement between
theoretical and experimental data is obtained over the entire measured
frequency range. This indicates that a fabrication procedure utilizing
modern production facilities will cause the evanescent-mode filter to
respond as predicted.

Fig. 4 shows a photograph of the opened evanescent-mode T-
septum waveguide filter prototype with the feeding X -band wave-
guide. A split-block waveguide housing is used to sandwich the
two T-septum inserts. Note that due to the high bandwidth of the
T-septum waveguide, i.e., its capability to significantly reduce the
cutoff frequency compared to a ridge waveguide of identical housing
dimensions, the filter component is extremely small. With an overall
length of less than 3/4 inches, this design is one of the most
space-efficient bandpass configurations proposed so far in waveguide
technology.

1V. CONCLUSIONS

The theoretical treatment of the T-septum waveguide by mode-
matching techniques forms a powerful tool for the computer-aided
design of evanescent-mode filter applications. Through the incor-
poration of higher-order mode interactions, the proposed model
provides design data which are in close agreement with experiments
as is demonstrated at the example of an X-band filter prototype.
The broadband characteristics of the T-septum waveguide make
it possible, first, to improve the stopband behavior compared to
common evanescent-mode configurations and, secondly, to reduce the
filter size considerably. The length of the three-resonator prototype
measures approximately one third of the guide wavelength at midband
frequency.
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Asymptotic Analysis of Mode Transition in General Class
of Circular Hollow Waveguides at the Infrared Frequency

Yuji Kato and Mitsunobu Miyagi

Abstract— Correspondence between hybrid modes in small and large
core circular hollow waveguides is discussed by using an asymptotic
theory for the infrared. Tht mode changes or mode transitions in several
hollow waveguides are discussed which depend on the cladding material
and the mode order. For the dielectric-coated metallic waveguides, mode
changes also depend on the thickness of the coated dielectric. For the
singly cladded hollow waveguides, the region is shown in the plane of
complex refractive index (n — jk) of cladding material where the HE;
mode in large core waveguides approaches the TE or TM mode.

1. INTRODUCTION

Hollow waveguides are important media in the wavelengths where
bulky losses of materials are too high to achieve low-loss flexible
fibers and also media for high-powered laser light transmission
where the reflections at input and output ends of waveguides can
be neglected [1]. Therefore, the waveguides have been recently
regarded a candidate for high-powered CO: laser light [2] and
infrared radiometry [3].

Mode properties of circular hollow waveguides were already
discussed in detail [1] when the core diameter is large. Due to needs
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of medical application of laser light, the small core waveguides with
low-losses have been required. In a previous paper [4], we showed
numerically based on the exact characteristic equation that the mode
transition takes place with decreasing core diameter and the modes in
small core waveguides are no more characterized by the well-known
modes in large core waveguides.

In this paper, we present an analytical method to predict the
relation between hybrid modes in small and large core circular
waveguides by using an asymptotic theory. The relation obtained
in the singly cladded hollow waveguides is shown to agree with that
obtained numerically. The change of the HE;; mode in arbitrary
singly cladded hollow waveguides is estimated in the plane of the
complex refractive index. Finally, mode changes in the dielectric-
coated hollow waveguides are also made clear which depend on
the thickness of the coated dielectric. Throughout the paper, the
wavelength is assumed to be 10.6 um.

II. ANALYSIS FOR SINGLY CLADDED HOLLOW WAVEGUIDES

We consider a waveguide consisting of a cylinder of radius 7" and
refractive index ng(=~1) embedded in a medium with a refractive
index noni. Let the z-components of electric field £. and magnetic
field H. in the hollow core be expressed in the cylindrical coordinate

System (7,0,/3) by
n UOT [o035) (n + 0 1
z — n OT [¢]

Then the exact characteristic equations to determine the normalized
transverse phase constant in the core (r < T)ug are given by [4]

1 1 1 2
(m_WQMO“ﬁm)=ﬁ<7“”7)(7“J%> &)

ups Uy Uy Uy
uf —ud = (n} — 1)(nokT)? “)
where 79 and 7 are defined by
!
(2)'

and w1 is the normalized transverse phase constant in the cladding
(r > T'). The parameter P used for the mode designation [4], [5]
is expressed by

P—n(l—l)/(ﬂo—m) ¢))
uf  w?

We now discuss modes in waveguides with arbitrary core radius 7.
Even if we consider practical small core waveguides, we can assume
that nokoT" is still large compared with unity. By simplifying the
characteristic equations by using

nokoT > 1 (8)
(3) becomes
M n?
(no +J k T) (no +Jn0hoT> =a )
where zrg and yryv are defined by
1
2TE = 10
TE o1 (10)
2
ny
T ——— 11
YT™M 1 (11

Although yr is simply related to z1g in the waveguide with a single
cladding, we can regard (9) as more general characteristic equation
for the waveguide characterized by the normalized surface impedance
zre and admittance ytym at the core-cladding boundary [1].

By solving no from (9), one obtains

1 1
Mo = 5[—Jn 3 T(ZTE+Z/TM)+A:¢::'

(12)

where A4 and the parameter P are defined by
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One should note that A4 and P explicitly depend on 21r and yt™m
through (z1e — y1™M)/nokoT.

We consider the two limiting cases. The first case is
lz1E — yrM| K nokoT and nokeT > 1 (15)

i.e., the case when the core diameter is sufficiently large. From (13),
one obtains A4

AL = :l:2—721 (16)
Uy
and from (12) and (14)
_ 1 for A+
P= { -1 for A_ an

Equation (17) shows that A, and A_ correspond to the EH,,,,, and

HE.,,» modes [5], respectively. The second case is
|z1E — yT™| > nokoT (18)

which is satisfied for small core waveguides. From (13), one obtains
Ai as

1
Ar =3y nOkOT(~TE - YTM) (19)
and from (12) and (14)
_ /0 for A+
P= {oo for A_ (20)

It is seen that 44 and A_ correspond to the TM and TE modes,
respectively.

As the mode designation has been made for two limiting cases
described by (15) and (18), we next have to make clear how A+
in the large core waveguide approaches continuously 41 or 4x
in the small core waveguide. Generally speaking, uo changes with
the core diameter. However, we assume here that uo is equal to
o{= Uoo + ju,) in the case defined by (15) and furthermore the real
part of ug does not change. Therefore, u, of the HE,,,, or EHpy»
mode is fixed to the zero point of J,_1(z) or J,yi(z) and u, is
equal to

1 ue
= 5 o koT
AS U is much larger than u, when the core diameter is large, A1
is expressed by

Re (z1E + y1™) @n

4n? 2
Ar= 412 2 _Re(s
+ {uéo[ JnokoTRe( TE +yTM):,

1 12
—W(ZTE — yT™) } (22)
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Fig. 1. Schematic loci of A4 of hybrid modes in various hollow waveguides
in the complex plane, where the direction of arrows means decreasing of core
diameter. (a) HE,,, and EHyp(m = 1,2,.--,5) modes in a Ge hollow
waveguide. (b) HE;,, and EHy,,(m = 1,2,..-,5) modes in Ni, Al;Os3,
and SiC hollow waveguides. (c) HE11, HE;2, and EH;; modes in a SiO9
hollow waveguide. (d) HEy,(m = 3,4,5) and EHym(m = 2,3,---,5)
modes in a SiO 5 hollow waveguide.

One should note that (22) is a function of only nokoT under fixed
material parameters ztg and yTv and mode parameter n.

We now discuss the mode transitions or changes based on (22).
As examples, we consider germanium (Ge, n1 = 4.0 [6]), nickel
(Ni, ny = 7.39 — j39.3 [6]), sapphire (Al2O3,n, = 0.67 — j0.03
[71), silicon carbide (SiC, n; = 0.059 — j1.21 [6]), and silica
(Si02,n1 = 2.2 — j0.1 [6]) hollow waveguides.

For the hybrid HE; ., and EH;,,(m = 1,2,---,5) modes in a Ge
hollow waveguide, the loci of A, of (22) are schematically shown
in the complex plane in Fig. 1(a) when the core diameter changes.
As the core diameter becomes small, A4 and A_ in (16) approach
Ay and A_ in (19), respectively. Therefore, the HE:., and EHin,
modes change to the TE and TM modes, respectively.

Fig. 1(b) schematically shows loci of 41 in Ni, AloOs, and SiC
hollow waveguides. It is seen that the HE i,, and EHi,, modes
change to the TM and TE modes, respectively, which is different
from the result in the Ge waveguide.

We next mention mode transition in a SiO» hollow waveguide.
The local behaviors of A+ in the complex plane depend on the
mode order. Fig. 1(c) shows the loci of Ay of the HE;{, HE;2,
and EH;; modes, and Fig. 1(d) shows the loci of A+ of the
HE1m(m = 3,4,5) and EH1n(m = 2,3,---,5) modes. The HEy;
and HE;»; modes change to the TE mode and the HE 1,(m =
3,4,5) modes to the TM mode. Although the method itself is
approximate in the sense that Re(uo) is fixed, all of the results
mentioned above are perfectly coincident to those obtained numer-
ically [4], which suggests that we can predict mode transitions of
hybrid modes by using (22) for hollow waveguides consisting of
arbitrary claddings. Here, we estimate the region in the plane of
the complex refractive index of the cladding material where the
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Fig. 2. Boundary curve dividing the TE and TM modes in a small core
waveguide corresponding to the HE1; mode in the plane of the complex re-
fractive index of the cladding material. The solid and dashed lines correspond
to those obtained by the present method and by numerical method [4] for a
0.1 mm core diameter, respectively. The circles correspond to the refractive
indices of various cladding materials [6]-[8] at the wavelength of 10.6 pm.
@n <4 (b)n < 30.

HE;; mode in the large core waveguide approaches the TE or TM
mode.

Fig. 2(a) and (b) show the boundary curve of this mode change in
the plane of the complex refractive index (n — jk) of the cladding
material. For comparison, the boundary curve [4] determined based on
the exact characteristic equation for a waveguide with a 0.1 mm core
diameter is also shown in the figures. Although the method obtaining
the boundary curve itself is approximate, the approximation is fairly
good for predicting mode designation in practical waveguides. In
the region where n is smaller than unity, the HE;; mode tends to
approach the TM mode. However, when n is larger than unity, the
HE:; mode tends to approach the TE or TM mode depending on .
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II. ANALYSIS FOR DIELECTRIC-COATED HOLLOW WAVEGUIDES

In this section, we investigate mode changes in the dielectric-coated
hollow waveguides. For these waveguides, the method mentioned in
Sec. II is adopted by using the normalized surface impedance ~TE
and admittance yrm which are defined by [1]

1 \/a2—1+j\/n%—ltan(nokot\/az—l)

e 2—14/n? — 1+ jva? —1tan (noketva® — 1)
(23)
/—‘_ T —
o2 il tan(nokot\/a2 1)
a2
YT™ =
— P
1 \/nl +j Va 3 ! tan (nokotva2 — 1)
n? a

(24)

where ¢ is a thickness of the coated dielectric which is independent
of the core diameter T, a and n,are relative refractive indices of the
coated dielectric and cladding, respectively. The attenuation constant
« in the waveguides with large core diameter is approximated by [1]

1 0 ]»o’uoo

o= ———Re (£ + y7™)

2 (no ]\,0 (25)

By considering that |n1} > a, it is seen that there periodically exist
optimum thicknesses (¢1,%2,%3.---) of the coated dielectric layer
where the attenuation becomes minimum. The optimum thicknesses
are approximated by [1]

tasp1 = —vl— [tan_l <4__a__> + STFJ
nokoVaz —1 a? —1

(s=0,1,2,-+) (26)

t 1 [ tan_l( 2 >+s7r
9y O ———— | — —_——
T nokova2 — 1 Ya? -1

(s=1,2,3,---) @27

We now consider mode transitions in the waveguides with min-
imum attenuations, i.e.. for the cases ¢ = t; and t,. Table I
summarizes optical constants of the coated dielectric and related
parameters of Ge coated silver (Ag, n, = 13.8 —j75.4 [8]) (Ge/Ag),
zinc-sulphide coated Ag (ZnS/Ag), and calcium-fluoride coated Ag
(CaF;/Ag) hollow waveguides. When the thickness ¢ of dielectric
layer is ¢, (the thinnest optimum thickness), the loci of the A1 of the
hybrid HE: ., and EHy,, modes (m = 1,2,:-+,5) are schematically
shown in Fig, 3(a). One can see that the HE;,, and EH;,, modes
change to the TM and TE modes, respectively. On the other hand,
when the thickness of the coated dielectric is ¢z (the secondary
thinner optimum thickness), the HE,,, and EH;,, modes change
to the TE and TM modes, respectively as schematically shown in
Fig. 3(b). It should be noted that the mode properties for tosq1
and t2.42(s = 1.2.---) are the same with those for ¢; and %9,
respectively, These mode changes are not affected by the coated
dielectrics. Moreover, these are perfectly coincident to those obtained
numerically which will be described in a future publication more in
detail.

IV. CONCLUSIONS

We have investigated mode transitions of the hybrid modes in small
and large core circular hollow waveguides by using the asymptotic
theory. The mode changes in several singly cladded hollow waveg-
uides are made clear and it is shown that they are coincident to those

TABLE I
REFRACTIVE INDICES < [6] (IMAGINARY PARTS ARE EQUAL TO ZERO), THE
THINNEST AND SECONDARY THINNER OPTIMUM THICKNESS (t1 AND t2) OF
THE COATED DIELECTRICS, AND VALUES OF sTg — YTM IN VARIOUS
DIELECTRIC ~COATED HOLLOW WAVEGUIDES AT THE WAVELENGTH OF 10.6 gm.

Dielectric  a t1 (pm) 2TE — t2(pm) ATE —
yrMle yTM It
Ge 4.0 0.46 —0.0382+ 0.86 —0.0374—
72.57 72.56
ZnS 22 0.84 —0.0120+ 1.82 -~0.0122—
§2.36 5210
CaFa 1.28 1.99 —0.007544-4.57 —0.00762—
43.17 13.28
TI I
T=oo A(HE) A AR T AEH R
. —
2T 0 1= A(EH) R T=c0 A(HE) O ACTM)
@ )

Fig. 3. Schematic loci of Ay of HE1,,, and EH;,,,(m = 1,2,---,5) modes
in Ge/Ag, ZnS/Ag, and CaF2/Ag hollow waveguides in the complex plane. (a)
t = t1 (the thinnest optimum thickness). (b) ¢ = ¢y (the secondary thinner
optimum thickness).

obtained numerically. The mode changes depend on the cladding
material and mode order. The region where the HE;; mode changes
to the TE or TM mode is shown in the plane of the complex refractive
index of the cladding material. The specified region predicted by
the approximate theory is fairly coincident to that obtained by using
the exact characteristic equation. Moreover, the mode changes of
the dielectric-coated hollow waveguides are discussed. The HE; .
(EH1,) modes change to the TM (TE) modes, in the case of the
thinnest optimum thickness of the coated dielectric, whereas they
change to the TE (TM) modes, in the case of the secondary thinner
optimum thickness.
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